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ABSTRACT
In this work we investigate the spherical collapse model in flat FRW dark energy universes.
We consider the Holographic Dark Energy (HDE) model as a dynamical dark energy scenario
with a slowly time-varying equation-of-state (EoS) parameter wde in order to evaluate the ef-
fects of the dark energy component on structure formation in the universe. We first calculate
the evolution of density perturbations in the linear regime for both phantom and quintessence
behavior of the HDE model and compare the results with standard Einstein-de Sitter (EdS)
and ΛCDM models. We then calculate the evolution of two characterizing parameters in the
spherical collapse model, i.e., the linear density threshold δc and the virial overdensity param-
eter ∆vir. We show that in HDE cosmologies the growth factor g(a) and the linear overdensity
parameter δc fall behind the values for a ΛCDM universe while the virial overdensity ∆vir is
larger in HDE models than in the ΛCDM model. We also show that the ratio between the
radius of the spherical perturbations at the virialization and turn-around time is smaller in
HDE cosmologies than that predicted in a ΛCDM universe. Hence the growth of structures
starts earlier in HDE models than in ΛCDM cosmologies and more concentrated objects can
form in this case. It has been shown that the non-vanishing surface pressure leads to smaller
virial radius and larger virial overdensity ∆vir. We compare the predicted number of halos in
HDE cosmologies and find out that in general this value is smaller than for ΛCDM models at
higher redshifts and we compare different mass function prescriptions. Finally, we compare
the results of the HDE models with observations.
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1 INTRODUCTION
Cosmic structures such as galaxies and galaxy clusters de-
velop from the gravitational collapse (Gunn & Gott 1972;
Press & Schechter 1974; White & Rees 1978; Peebles 1993;
Sheth & Tormen 1999; Peacock 1999; Barkana & Loeb 2001;
Peebles & Ratra 2003; Ciardi & Ferrara 2005; Bromm & Yoshida
2011) of primeval small density perturbations originated during
the inflationary era (Starobinsky 1980; H.Guth 1981; Linde
1990). To study the non-linear evolution of cosmic structures
a popular analytical model, the spherical collapse model, was
first introduced by Gunn & Gott (1972) and extended and im-
proved by several following works (Fillmore & Goldreich 1984;
Bertschinger 1985; Hoffman & Shaham 1985; Ryden & Gunn
1987; Avila-Reese et al. 1998; Subramanian et al. 2000;
Ascasibar et al. 2004; Williams et al. 2004). Recently the for-
malism of the spherical collapse model was extended to include
shear and rotation (del Popolo et al. 2013a,b,c) and non-minimally
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coupled models (Pace et al. 2014). In the spherical collapse model,
at early times primordial spherical overdense regions expand along
the Hubble flow at early times and since the relative overdensity of
the overdense region with respect to the background is small, the
linear theory is able to follow their evolution. At a certain point,
gravity starts dominating and opposes the expansion slowing it
down till the sphere reaches a maximum radius and completely
detaches from the background expansion. The following phase is
represented by the collapse of the sphere under its own self-gravity.
In the approximations introduced by the model, the collapse ends
only when the final radius becomes null. This is obviously not
the case with real structures, as virialization takes place thanks to
non-linear processes converting the kinetic energy of collapse into
random motions. The exact process of collapse due to gravitational
instability depends strongly on the dynamics of the background
Hubble flow.
In the last two decades, the astronomical data from SNe
Ia (Riess et al. 1998; Perlmutter et al. 1999; Riess et al. 2004,
2007), CMB (Jaffe et al. 2001; Ho et al. 2008; Komatsu et al. 2011;
Jarosik et al. 2011; Ade et al. 2013a,b,c), Large Scale Structure
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(LSS) and Baryon Acoustic Oscillations (BAO) (Tegmark et al.
2004; Eisenstein et al. 2005; Percival et al. 2010) and X-ray
(Allen et al. 2004; Vikhlinin et al. 2009) experiments indicate that
the universe is expanding at an accelerated rate. In the framework of
General Relativity (GR), an exotic component with positive density
and negative pressure, the so-called Dark Energy (DE), is responsi-
ble for this accelerated expansion. Results of the Planck experiment
(Ade et al. 2013b) show that DE occupies about 68%, dark matter
about 27% and usual baryons occupy about 5% of the total energy
budget of the universe.
DE not only affects the expansion rate of the background Hub-
ble flow and the distance-redshift relation, but also the scenario of
structure formation. The main goal of this work is to study the effect
of DE on structure formation within the spherical collapse model
framework.
The first and simplest model for DE is Einstein’s cosmo-
logical constant with constant Equation-of-State (EoS) parame-
ter wΛ = −1. For the cosmological constant, structure growth,
both in linear and non-linear regimes, has been discussed by
Lahav et al. (1991); Lilje (1992); Lacey & Cole (1993); Eke et al.
(1996); Viana & Liddle (1996); Kulinich & Novosyadlyj (2003);
Debnath et al. (2006); Meyer et al. (2012). However the cosmolog-
ical constant suffers from the fine-tuning and cosmic coincidence
problems (Sahni & Starobinsky 2000; Weinberg 1989; Carroll
2001; Peebles & Ratra 2003; Padmanabhan 2003; Copeland et al.
2006). Structure growth has been also investigated in quintessence
models with constant EoS parameter different from −1. In
quintessence models, the principal difference is that the energy
density decreases with time, whereas for the cosmological con-
stant it remains constant throughout the cosmic history. For con-
stant EoS parameters in the range −1 < wΛ < −1/3,
Horellou & Berge (2005) showed that structures form earlier and
are more concentrated in quintessence than in ΛCDM models. In
addition, the evolution of structure growth and cluster abundance
in quintessence DE models (Wang & Steinhardt 1998; Lokas 2001;
Lokas & Hoffman 2001; Basilakos 2003; Mota & van de Bruck
2004) and chameleon scalar field (Brax et al. 2010) have been in-
vestigated. It has also been shown that predictions of the spherical
collapse model strongly depend on the scalar field potential adopted
in a minimally coupled scalar field scenario (Mota & van de Bruck
2004). When DE clusters, Basilakos et al. (2009, 2010) showed that
more concentrated structures can be formed with respect to a homo-
geneous DE model. Bartelmann et al. (2006) and Pace et al. (2010)
extended the spherical collapse model in the presence of early DE
models and showed that the growth of structures is slowed down
with respect to the ΛCDM model. Hence to reach the same ampli-
tude of fluctuations today, the structures have to grow earlier in this
type of models.
On the other hand, in recent years, a wealth of dynam-
ical DE models with a time-varying EoS has been proposed
(Copeland et al. 2006; Li et al. 2011; Bamba et al. 2012). Observa-
tionally, the latest astronomical data from SNe Ia, CMB and BAO
experiments show that dynamical DE models with time-varying
EoS parameter are mildly favored (Zhao et al. 2012; Alam et al.
2004; Gong 2005; Gong & Zhang 2005; Huterer & Cooray 2005;
Wang & Tegmark 2005). The Holographic Dark Energy (HDE)
model ( see section 2 for a complete description of the model) is
one of the most interesting proposal in the category of dynami-
cal DE scenarios. In this work we study the evolution of spherical
overdensities in HDE models. The HDE model is considered as a
dynamical DE model with time-varying EoS parameter which can
dominate the Hubble flow and influence the growth of structures
in the Universe. Here we consider the non-interacting case of HDE
model. In this case, DE is minimally coupled to dark matter and
the energy density of DE and dark matter is conserved separately.
Therefore in non-interacting HDE models, we assume a uniform
distribution of DE inside the perturbed region. In this case, the en-
ergy density of DE remains the same both inside and outside the
overdense region. However, in the case of interacting models, the
energy density of dark matter and DE is not conserved separately
and their coupling is non-minimal. Hence the DE component can
cluster in a similar fashion as dark matter does.
The plan of the paper is the following. In section 2 we present
HDE cosmologies. In section 3 we discuss the linear evolution of
perturbations in HDE cosmology and in section 4 we study the non-
linear spherical collapse model. In section 5 numerical results and
comparison with observations have been presented. Finally we con-
clude in section 6.
2 COSMOLOGY WITH HOLOGRAPHIC DARK
ENERGY
The HDE model is constructed based on the holographic principle
in quantum gravity scenario (’t Hooft 1993; Susskind 1995). While
almost all dynamical DE models with time varying EoS are purely
phenomenological (there is no theoretically-motivated model be-
hind them), the advantage of the HDE model is that it originates
from a fundamental principle in quantum gravity, therefore pos-
sesses some features of an underlying theory of DE. According
to the holographic principle, the number of degrees of freedom of
a finite-size system should be finite and bounded by the area of
its boundary (Cohen et al. 1999). In this case the total energy of
a system with size L should not exceed the mass of a black hole
with same size, i.e., L3ρΛ 6 LM2Pl, where ρΛ is the quantum
zero-point energy density caused by UV cut-off Λ and MPl is the
Planck mass (MPl = 1/8piG). In a cosmological context, when
the whole Universe is taken into account, the vacuum energy re-
lated to the holographic principle is viewed as DE, the so-called
HDE. The largest IR cut-off L is chosen by turning the previous
inequality into an equality, hence the following equation is taken
for DE density in holographic models
ρde = 3c
2M2PlL
−2 , (1)
where c is a positive numerical constant and the coefficient 3 is just
for convenience. An interesting feature of HDE is that it has a close
connection with the space-time (Ng 2001; Arzano et al. 2007).
From an observational point of view, HDE models have
been constrained by various astronomical observation (Alam et al.
2004; Huang & Gong 2004a; Zhang & Wu 2005; Wu et al. 2008;
Ma et al. 2009). Using recent observational data, the value of the
holographic parameter c in a flat Universe was constrained to c =
0.815+0.179−0.139 (Enqvist & Sloth 2004; Gong 2004; Huang & Gong
2004b; Huang & Li 2004; Li et al. 2009). The cosmic coincidence
problem can be solved by inflation in HDE model (Li 2004).
It should be noted that the HDE model is defined by assum-
ing an IR cut-off L in Eq. (1). The simplest choice for IR cut-
off is the Hubble length, L = H−1. If we take L as the Hub-
ble scale H−1, DE density will be close to the observational data.
However, in this case we get a wrong EoS for HDE models and
the current accelerated expansion of the Universe can not be re-
covered (Horˇava & Minic 2000; Cataldo et al. 2001; Thomas 2002;
Hsu 2004). Another choice for the IR cut-off is the particle hori-
zon, which however does not lead to the current accelerated ex-
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pansion (Horˇava & Minic 2000; Cataldo et al. 2001; Thomas 2002;
Hsu 2004). The third choice for the IR cut-off is the future event
horizon which was first assumed by Li (2004) for HDE models.
The event horizon is given by
Rh = a
∫
∞
t
dt
a(t)
= a
∫
∞
t
da
Ha(t)
, (2)
where a is the scale factor and t is cosmic time. In the context of
the event horizon, the HDE model can generate the late time ac-
celeration consistently with observations (Pavón & Zimdahl 2005;
Zimdahl & Pavón 2007; Sheykhi 2011). The coincidence and fine-
tuning problems are also solved in this case (Li 2004). In fact,
a time varying DE model results in a better fit compared with
the standard cosmological constant based on analysis of cosmo-
logical data of type Ia supernova (Alam et al. 2004; Gong 2005;
Gong & Zhang 2005; Huterer & Cooray 2005; Wang & Tegmark
2005).
The dynamics of a flat FRW Universe containing pressure-less
dark matter and a DE components is given by Friedmann equation
as follows
H2 =
1
3M2Pl
(ρm + ρde) , (3)
where ρm and ρde are the energy density of the pressure-less mat-
ter and DE components, respectively, and H is the Hubble param-
eter. Here we use Eq. (1) for the energy density of DE. For non-
interacting dark energy models, the energy density of DE and dark
matter is given by the following continuity equations
ρ˙m + 3Hρm = 0, (4)
ρ˙de + 3H(1 +wde)ρde = 0 , (5)
where the dot is the derivative with respect to cosmic time and wde
is the EoS parameter of DE.
Taking the time derivative of Friedmann Eq. (3) and using Eqs. (4,
5), the relation R˙h = 1 + HRh and also the expression for the
energy density of HDE models ρde = 3c2M2PlR−2h , the EoS pa-
rameter of the HDE model is
wde = −1
3
− 2
√
Ωde
3c
, (6)
where Ωde is the dimensionless density parameter of the DE com-
ponent.
At late times, when DE dominates the energy budget of the
Universe (Ωde → 1), we obtain wde < −1 for c < 1. In this case
the EoS parameter of the HDE model is in the phantom regime
(wde < −1). For c > 1 we get −1 6 wde < −1/3, indicat-
ing the quintessence regime. The analysis of the properties of DE
from some recent observations favor models with wde crossing −1
in the near past (Zhao et al. 2012; Alam et al. 2004; Gong 2005;
Gong & Zhang 2005; Huterer & Cooray 2005; Wang & Tegmark
2005). The evolution of the DE density parameter Ωde in HDE
models can be obtained by taking the time derivative of Ωde =
ρde/ρc = 1/(HRh)
2 as follows:
Ω′de = Ωde(1− Ωde)
(
1 +
2
√
Ωde
c
)
, (7)
where the prime is the derivative with respect to x = ln a. Since
a = 1/(1 + z), where z is the cosmic redshift, we have d/dt =
Hd/dx = −H(1+z)d/dz. In terms of the cosmic redshift, Eq. (7)
is written as
dΩde
dz
= − 1
(1 + z)
Ωde(1− Ωde)
(
1 +
2
√
Ωde
c
)
. (8)
Also, the differential equation for the evolution of the dimension-
less Hubble parameter, E(z) = H/H0, in HDE model can be ob-
tained by taking a time derivative of the Friedmann Eq. (3) and
using relations (4, 5 and 6) as follows:
dE
dz
= − 1
(1 + z)
E
(
1
2
Ωde +
Ω
3/2
de
c
− 3
2
)
. (9)
The system of coupled Eqs. (6), (8) and (9) can be solved nu-
merically to obtain the evolution of the EoS parameter, energy den-
sity and Hubble parameter in HDE models as a function of cosmic
redshift. To fix the cosmology, we assume the present values of
matter density and DE density parameters as: Ωm,0 = 0.27 and
Ωde,0 = 0.73 in a spatially flat Universe. The present Hubble pa-
rameter is H0 = 70 km/s/Mpc.
In figure (1) we show the evolution of the DE EoS parame-
ter wde (top panel), DE density parameter Ωde (middle panel) and
dimensionless Hubble parameter E = H/H0 (bottom panel) as a
function of the cosmic redshift z for three different values of the
model parameter c. We see that for c > 1, the EoS parameter can
not enter into the phantom regime and remains in the quintessence
regime. For c < 1, we adopt the constrained value c = 0.815
from the observational data (Alam et al. 2004). In this case (red-
dashed line) the phantom regime can be crossed in the near past
in agreement with observations (Alam et al. 2004; Gong 2005;
Gong & Zhang 2005; Huterer & Cooray 2005; Wang & Tegmark
2005).
The evolution of Ωde and E(z) depends on the value of the pa-
rameter c. The Hubble parameter and DE density are bigger in the
quintessence regime (green-dotted line).
The cosmic time t as a function of redshift z is given by
t =
1
H0
∫
∞
z
dz
(1 + z)E(z)
, (10)
where E(z) is the dimensionless Hubble parameter in HDE model.
We use Eq. (10) in order to study the spherical collapse model in
HDE cosmologies in Sect. 4.
3 LINEAR PERTURBATION THEORY
Here we study the linear growth of perturbations of non-relativistic
dust matter by calculating the evolution of the growth factor g(a)
in HDE cosmologies and compare it with the solution found for the
EdS and ΛCDM models.
For a non-interacting HDE model, we assume that only
pressure-less matter is perturbed and DE is uniformly distributed.
In this case the differential equation for the evolution of g(a) is
given by (Percival 2005; Pace et al. 2010, 2012)
g′′(a) +
(
3
a
+
E′(a)
E(a)
)
g′(a)− 3
2
Ωm,0
a5E2(a)
g(a) = 0 . (11)
To obtain the linear growth of structures in HDE cosmologies,
we solve numerically Eq. (11) by using Eq. (9) for the evolution of
the Hubble parameter.
To evaluate the initial conditions, since we are in the linear regime,
we assume that the linear growth factor has a power law solution,
g(a) ∝ an, with n to be evaluated at the initial time. We recall
that for an EdS model, n = 1, while in general, in the presence
of DE, n 6= 1. To evaluate the initial slope n, we insert the power
law solution into the differential equation describing the evolution
of the linear growth factor and we solve the second-order algebraic
equation obtained.
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Figure 1. Top panel: Evolution of the EoS parameter of HDE model wde
as a function of cosmic redshift z for different values of the parameter c.
Middle: Evolution of the DE density parameter Ωde. Bottom: Evolution
of the dimension-less Hubble parameter E(z) = H/H0. The red dashed
line represents the model with c = 0.815, the blue dot-dashed curve the
model with c = 1.00 and the green-dotted line the model with c = 1.30.
For c > 1, the EoS parameter can not cross the phantom line w = −1
(quintessence regime). For the constrained value c = 0.815 the phantom
regime is achieved.
In Fig. (2) we show the evolution of the linear growth factor
g(a) as a function of the scale factor. We chose to normalize all the
models to be the same at early times. We refer to the caption for
line style and colors. In the EdS model, the growth factor evolves
proportionally to the scale factor, as expected. In the ΛCDM model,
the growth factor evolves more slowly compared to the EdS model
since at late times the cosmological constant dominates the energy
budget of the universe. In the case of HDE model (phantom regime,
c < 1) with the constrained holographic parameter c = 0.815, g(a)
evolves more slowly than in the ΛCDM model. This is due to the
fact that the expansion of the Universe considerably slows down
structure formation.
For the quintessence regime (c > 1), we notice that the evo-
lution of g(a) is smaller even when compared to the phantom case.
This behavior can be explained by taking into account the evolution
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
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0.8
1.0
ac
gH
a
c
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C=0.815
C=1.30
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ßCDM
EdS
Figure 2. Time evolution of the growth factor as a function of the scale
factor for the different cosmological models investigated in this work. Black
solid line shows the EdS model, the orange short-dashed line the ΛCDM
model, the blue (green) dot-dashed (dotted) line the HDE model with c =
1.00 (c = 1.30), while the red dashed line the HDE cosmology with c =
0.815.
of Hubble parameter in Fig. (1). The Hubble parameter is larger in
the quintessence regime of the HDE models, it takes intermediate
values in the phantom regime and the smallest expansion appears
to be in the ΛCDM model. Therefore the growth factor g(a) for the
HDE will always fall behind the ΛCDM universe.
Here we conclude that different models for Hubble flow indi-
cate different rate of structure growth in linear regime. In the EdS
Universe, in the absence of DE, the growth rate is largest. In the
HDE model with c = 0.815 the growth is the smallest of the mod-
els here analyzed and it takes intermediate values for the ΛCDM
universe. As a result in the linear regime, we see that in HDE mod-
els the growth of structures is slowed down compared to ΛCDM
and EdS Universes due to bigger Hubble parameter. Hence to have
the same fluctuations at the present time, perturbations should start
growing earlier in a HDE cosmology than in ΛCDM and EdS sce-
narios.
4 SPHERICAL COLLAPSE IN HDE MODELS
In this section we present the spherical collapse model in HDE
cosmology. For this purpose, we first review the basic equations
we used to derive the correlation between turn-around and virial
epochs and then obtain the virial condition in this model. Finally
we obtain the characteristic parameters of the spherical collapse
model in the HDE cosmologies.
In the scenario of structure formation, several attempts have
been done to obtain the differential equation governing the evo-
lution of the matter perturbation δ in the limiting case of a mat-
ter dominated Universe (Bernardeau 1994; Padmanabhan 1996;
Ohta et al. 2003, 2004). In the work of Abramo et al. (2007) the
equation for the evolution of δ was generalized to a universe con-
taining a DE component with a time-dependent EoS. The differ-
ential equation for the evolution of the overdensity δ in DE cos-
mologies and in the presence of rotation and shear tensors has been
derived in del Popolo et al. (2013a,b). For the case in which only
the dark matter component can cluster, the non-linear differential
equation governing the evolution of δ is given by (Pace et al. 2010)
δ′′ +
(
3
a
+
E′(a)
E(a)
)
δ′ − 4
3
δ′
2
1 + δ
− 3
2
Ωm,0
a5E2(a)
δ(1 + δ) = 0 ,
(12)
Evolution of spherical overdensities in holographic dark energy 5
0.2 0.4 0.6 0.8 1
10−2
10−1
100
101
102
103
104
a
δ
 
 
EdS
Λ CDM 
Non−linear
HDE  (c=0.815)
δ
c
=1.686
Figure 3. The growth of density perturbation δ in terms of the scale factor
a for different background models. The black dotted-dashed curve stands
for non-linear evolution based on Eq. (12). The black solid line indicates
the linear growth of δ in CDM model. The brown dashed one is for the
ΛCDM model and the red dashed curve represents the linear growth of δ in
the phantom HDE background model.
where the prime denotes the derivative with respect to the scale
factor and E is the dimensionless Hubble parameter. In the linear
regime, the above relation reduces to
δ′′ +
(
3
a
+
E′(a)
E(a)
)
δ′ − 3
2
Ωm,0
a5E2(a)
δ = 0 . (13)
In Fig. (3), the growth of δ in the linear and non-linear regimes
is presented. To evaluate the initial conditions for the differen-
tial equation describing the evolution of perturbations, we refer to
Pace et al. (2010) and following the detailed procedure we set ini-
tial conditions to δi = 2.09 × 10−4 and δ′i = 0 at the initial scale
factor ai = 10−4. The black dotted-dashed curve represents the so-
lution for δ based on non-linear evolution in Eq. (12) for a collapse
time a = 1. The black solid line is the linear evolution of δ for the
EdS model according to Eq. (13). The brown and red dashed curves
are the linear evolution corresponding to the ΛCDM model and the
phantom regime of the HDE cosmology, respectively. We see that
the non-linear solution starts to deviate from the linear-based solu-
tion and to grow very quickly. In the EdS model δ grows faster and
approaches the standard value δc = 1.686 at the collapse scale fac-
tor. The linear growth for ΛCDM model is smaller compared to the
EdS scenario. In HDE model for c = 0.815, δ grows more slowly
compared to the EdS and ΛCDM models.
4.1 Turn-around and virial redshifts
We know that in the EdS model the time for virialization in the
spherical collapse model is twice the turn-around time, i.e., tc =
2tta. Hence the ratio of the virial to the turn-around scale factor in
the EdS Universe is ac/ata = (tc/tta)2/3 = 22/3 = 1.587. Al-
though this ratio is constant for an EdS Universe, it changes in DE
cosmologies. In HDE cosmologies, using Eq. (10) for the evalua-
tion of the cosmic time we have∫
∞
zc
dz
(1 + z)E(z)
= 2
∫
∞
zta
dz
(1 + z)E(z)
. (14)
By solving the above integrals, we can determine the correlation be-
tween turn-around redshift zta and collapse redshift zc. In Fig. (4),
0.0 0.5 1.0 1.5 2.0
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z t
a
C=1.00
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Figure 4. The turn-around redshift zta in terms of the collapse redshift zc
for HDE models. The solid curve stands for the EdS model and the dashed
one corresponds to the HDE model with holographic parameter c = 1.
this correlation is shown for a HDE model with holographic param-
eter c = 1 ( blue dashed line) and EdS model (solid line). Using a
linear fitting method, we obtained the following fitting formulas as
a correlation between turn-around and collapse redshifts
zta = 1.542zc + 0.720 , (c = 1)
zta = 1.551zc + 0.728 , (c = 1.3)
zta = 1.538zc + 0.713 , (c = 0.815)
zta = 1.535zc + 0.740 , (ΛCDM)
zta = 2
0.67(1 + zc)− 1 , (EdS) . (15)
The result for HDE cosmologies is compatible with the fit-
ting formula obtained in Λ(t)CDM cosmology, see Eq. 34 of
(Basilakos et al. 2010). As an example, consider a galaxy cluster
virializing at the present time zc = 0. The turn-around epoch takes
place at zta = 0.720 (c = 1), zta = 0.728 (c = 1.3), zta = 0.713
(c = 0.815), zta = 0.740 (wde = −1). It should be noted the in
a EdS model the turn-around redshift corresponding to zc = 0 is
zta = 0.591. One can conclude that the turn-around epoch takes
place earlier for ΛCDM cosmologies, intermediate times are typi-
cal of HDE models (by increasing the holographic parameter c the
turn-around redshift increases accordingly) and later for the EdS
Universe. As a further example, consider the virialization process
at the higher redshift zc = 1.6 at which the most distant cluster has
been observed (Papovich et al. 2010). In this case the correspond-
ing turn around redshift is: zta = 3.187 (c = 1), zta = 3.209
(c = 1.3), zta = 3.173 (c = 0.815), zta = 3.196 (wde = −1) and
zta = 3.136 for the EdS Universe. Here we see that the turn-around
redshift calculated in HDE and ΛCDM models tends to the critical
value zta = 3.136 of the EdS Universe. Therefore at high redshifts
the influence of DE on the virialization process is negligible. This
result is expected, because at large redshifts the Universe is domi-
nated by matter and all the models approach the EdS cosmology.
4.2 Virial theorem
Here we investigate the virial theorem in DE cosmologies. The
virial theorem relates the kinetic energy T to a potential energy of
the form U ∝ Rn as T = (n/2)U , where the energies of the sys-
tem are averaged over time (Landau & Lifshitz 1960; Lahav et al.
1991). In the EdS Universe the potential energy due to gravita-
tional force is in the form of UG ∝ R−1 and the virial condi-
tion is 2T + UG = 0, where T is the kinetic energy. In the case
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of the cosmological constant cosmologies the virial theorem reads
2T + UG = 2Ude, where Ude is the potential energy due to the
DE field (Lahav et al. 1991). The kinetic and potential energies in
spherical geometry are given by
T =
1
2
∫
u2ρsdV , (16)
UG = −1
2
G
∫∫
ρs(r)ρs(r
′)
|r − r′| dV dV
′ , (17)
Ude = −1
2
G
∫∫
ρs(r)ρde(r
′)
|r − r′| dV dV
′ , (18)
where u is the peculiar velocity of the fluid element inside the
spherical region. For homogeneous DE, ρde is uniform inside the
collapsing sphere and its dynamics is the same of the background
level. Also for a top-hat profile, the distribution of matter inside
the spherical collapse is uniform. In this case for spherical mass
fluctuations, the above potential energies become
UG = −16pi
2G
3
∫ R
0
r4ρ2s (r)dr = −3GM
2
5R
, (19)
Ude = −16pi
2G
3
∫ R
0
r4ρs(r)ρde(r)dr =
− 4piGρde,0MR
2
5
(1 + 3wde)e
3
∫
z
0
1+wde(z)
1+z
dz , (20)
where in Eq. (20) we considered the homogeneous time varying DE
with EoS parameter wde(z). Note that in the definition of the po-
tential energy for time varying HDE field in Eq. (20), the coefficient
(1 + 3wde) leads to a positive DE potential as well, therefore rep-
resenting a repulsive potential. Thanks to the sign of the coefficient
(1 + 3wde), we don’t need to assume the coefficient 2 in the right
hand side of virial theorem defined by Lahav et al. (1991). Also,
since the DE potential is considered with positive sign, the virial
theorem in this case reads 2T + UG + Ude = 0. For wde = −1,
Eq. (20) reduces to Ude = ΛM10 R2 as in (Basilakos et al. 2010).
4.3 Spherical collapse parameters
Consider a spherical overdense region with uniform matter density
(top-hat profile) ρs and radius R embedded in a Universe described
by its background dynamics elsewhere except for the perturbed re-
gion. The dynamics of background follows from Friedmann equa-
tion (3). For non-interacting HDE models, DE does not cluster and
its energy density ρde remains the same both inside and outside the
over-dense patch. Based on Birkhoffs theorem in GR, the gravita-
tional field inside a spherical symmetric shell should vanish, and
this is in agreement with Newtonian gravity. This allows us to use
Newtonian dynamics to study the evolution of matter density per-
turbations on scales much smaller than the horizon. Hence the dy-
namics of the perturbed region is given by
R¨
R
= −4piG
(
pde +
ρde + ρs
3
)
= −4piG
[
(wde +
1
3
)ρde +
1
3
ρs
]
,
(21)
where the overdot indicates a derivative with respect to the cosmic
time. Here we use the EoS of DE component to obtain the second
equality in Eq. (21). We know that at early times, when the over-
density of this region is small enough, the expansion of the patch
follows the Hubble flow and density perturbations grow (approxi-
mately) linearly with the scale factor. With the increase of the den-
sity perturbation, the expansion of the perturbed region detaches
from the Hubble flow and its expansion velocity decreases. Finally
at a characteristic scale factor ata, it completely detaches from
the general expansion and starts to collapse under its own gravi-
tational field till virialization takes place. We call zta and zc the
redshifts corresponding to the turn-around and virialization epochs,
respectively, and Rta and Rc are the corresponding maximum and
virial radii, respectively. By defining the dimensionless parameters
x = a/ata and y = R/Rta, the evolution of the scale factor of
the background and the overdense spherical region (i.e., equations
3 and 21) are governed by the following equations, respectively:(
x˙
x
)2
= H2taΩmt
(
x−3 +
ρde
ρmt
)
, (22)
y¨
y
= −H
2
taΩmt
2
(
ξ
y3
+ (1 + 3wde)
ρde
ρmt
)
, (23)
where Hta, ρmt and Ωmt are the Hubble parameter, the matter
density and the matter density parameter at turn-around time, re-
spectively, and ξ is the ratio of matter density inside the sphere
to the matter density at background at turnaround epoch ξ =
(ρs/ρm)x=1. In order to obtain Eq. (23) we used the fact that the
matter inside the sphere evolves as
ρs = ρst
(
R
Rta
)−3
=
ξρmt
y3
. (24)
We use the following fitting expression obtained by
Wang & Steinhardt (1998); Lokas (2001); Lokas & Hoffman
(2001); Basilakos (2003); Mota & van de Bruck (2004) in the line
of COBE measurements
ξ =
(
3pi
4
)2
Ω−0.79+0.26Ωm−0.06wdem
∣∣∣∣∣
x=1
. (25)
Following (Wang & Steinhardt 1998; Lokas 2001;
Lokas & Hoffman 2001; Basilakos 2003; Mota & van de Bruck
2004), we notice that in Eq. (25) ξ is weakly model dependent
and can be used for models with time varying wde. We apply
Eq. (6) to obtain ξ in HDE models. In the limiting case of the
EdS model, ξ = 5.6 independently of cosmic time. Using the
virial theorem for DE cosmology 2T + UG + Ude=0 and the
conservation equation between virial and turn around epochs,
Tc + UG,c + Ude,c = UG,t + Ude,t, we obtain the following
equation for the dimensionless parameter λ = Rc/Rta
[Ωde,0(1 + 3wde(zc))A(zc)]λ
3 − 2 [ξ(1 + zta)3Ωm,0+
Ωde,0(1 + 3wde(zta))A(zta)]λ+ ξ(1 + zta)
3Ωm,0
= 0 , (26)
where we used Eqs. (19) and (20) and define the parameter
A(z) = e3
∫
z
0
1+wde(z)
1+z
dz
. In the limiting case of an EdS Universe
one can easily see that λ = 1/2, as expected.
In this framework the overdensity of the collapsing structure
at the virialization time is given by
∆vir =
ρs,c
ρm,c
=
ξ
λ3
(
1 + zta
1 + zc
)3
, (27)
where (1 + zta)/(1 + zc), ξ and λ are calculated from Equa-
tions (15), (25) and (26), respectively. For completeness we also
discuss the parameter δc defined as the linear evolved primordial
perturbations to the collapse epoch. The parameters δc and ∆vir are
the two characterizing parameters in the spherical collapse model.
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In next section we present our numerical results for HDE cosmolo-
gies and compare them with the concordance ΛCDM model as well
as observations.
The framework of the spherical collapse model can be
extended to include contributions from the shear and the an-
gular momentum terms in Eq. (21, in complete analogy with
del Popolo et al. (2013b). While an extensive and quantitative anal-
ysis of the effects of these two additional non-linear terms goes
beyond the purpose of this work, from recent works and based on
physical arguments, we can assert that we would expect similar
results to previous works, where, due to the additional mass de-
pendence of the spherical collapse parameters, low mass objects
showed higher values for the spherical collapse model parameters
δc and ∆vir, while high mass objects will be almost completely un-
affected. In particular we expect differences of the order of several
percent, based on results by del Popolo et al. (2013b).
4.4 Non-zero surface pressure
In this section we present a short discussion on the inclusion of the
non-vanishing surface pressure term. The surface pressure is due
to non-zero density at the outer boundary of virialised clusters. A
modified virial relation in the presence of the surface pressure term
is given by
2T + UG + Ude = 3PextV, (28)
where Pext is the pressure at the surface of virialised cluster and V
is the volume (del Popolo 2002; Afshordi & Cen 2002). The sur-
face term is related to the total potential energy U = UG + Ude
as 3PextV = −νU (Afshordi & Cen 2002). Here we discuss
how the non vanishing surface pressure can change the spherical
collapse parameters. For simplicity, we first assume the standard
EdS cosmology. In this case, the modified virial theorem reads
2T + (1 + ν)UG = 0 and the energy conservation between turn-
around and virial epochs results in λ = (1 − ν)/2. Hence for
ν > 0, the parameter λ is smaller than the standard value 1/2
and ∆vir will be larger than standard EdS value ∼ 178. For ex-
ample, for a value ν = 0.005, one obtains λ = 0.0.4975 and
∆vir ≃ 182 which is 2% larger than the standard EdS value. In
the general case of a HDE universe, the modified virial theorem
can be obtained as 2T + (1 + ν)(UG + UΛ) = 0. The condi-
tion for energy conservation between turn-around and virial epochs,
Tc + UG,c + Ude,c = UG,t + Ude,t, as well as the modified virial
condition lead to the following cubic equation for λ:[
(1− ν)Ωde,0(1 + 3wde(zc))A(zc)
]
λ3 − 2
[
ξ(1 + zta)
3
Ωm,0 + Ωde,0(1 + 3wde(zta))A(zta)
]
λ+
(1− ν)ξ(1 + zta)3Ωm,0 = 0 , (29)
Inserting the value ν = 0 we recover Eq. (26) as expected. In
the next section we evaluate the effect of the inclusion of the non-
vanishing surface pressure on the spherical collapse parameters λ
and ∆vir for the illustrative value ν = 0.005 and holographic pa-
rameter c = 1.
4.5 Mass Function and Number density
We now calculate the comoving number density of virialised ob-
jects in a given mass range. In the Press-Schechter formalism, the
average comoving number density of halos of mass M is described
by the universal mass function, n(M, z):
n(M, z) =
( ρ¯
M2
) d log ν
d logM
νf(ν) , (30)
where ρ¯ is the background density and f(ν) is the so-called mul-
tiplicity function (Press & Schechter 1974; Bond et al. 1991). The
variable ν is defined as ν = δ2c/σ2(M), where σ(M) is the r.m.s.
of the mass fluctuation in spheres of mass M . Since both δc and
σ(M) evolve in time, also the variable ν would be in principle a
time-dependant function. However, the linear overdensity parame-
ter represents the initial perturbation evolved via the linear growth
factor, therefore ν is in reality time-independent and probes and
initial amplitude of perturbations. In a Gaussian density field, σ is
given by
σ2(R) =
1
2pi2
∫
∞
0
k2P (k)W 2(kR)dk , (31)
where R = (3M/4piρm0)1/3 is the radius of the sphere at the
present time, W (kR) = 3[sin(kR) − kR cos(kR)]/(kR)3 is
the Fourier transform of a spherical top-hat profile with radius R
and P (k) is the power spectrum of density fluctuations (Peebles
1993). The quantity σ(M, z) can be related to its present value as
σ(M,z) = g(z)σ(M,z = 0), where g(z) = δc(z)/δc(z = 0) is
the linear growth factor. In this work, like Abramo et al. (2007), we
use the fitting formula given by Viana & Liddle (1996)
σ(M,z) = σ8(z)
(
M
M8
)−γ(M)/3
, (32)
where M8 = 6× 1014Ωm0h−1M⊙ is the mass inside a sphere of
radius R8 = 8h−1Mpc, σ8 is the mass variance of the overdensity
on the scale of R8 and the exponent γ(M) depends on the shape
parameter Γ = Ωm0h exp(−Ωb − Ωb/Ωm0). For a spectral index
n = 1 we have
γ(M) = (0.3Γ + 0.2)
(
2.92 +
1
3
log
M
M8
)
. (33)
Being an approximation, Eqs. 32 and 33 have a limited range of
validity and as stated in Viana & Liddle (1996) they match the
true shape of σ8 in a region around M8. For masses M < M8
(M > M8), the fitting formula predicts higher (lower) values of the
variance, with differences at most of 10%. This means that the mass
function will predict less (more) objects at lower (higher) masses.
This is though not an issue for our analysis, since all the models
will be affected in the same way and we are interested in the rela-
tive halo abundance.
In order to determine the predicted number density of dark
matter halos for a given cosmological model based on Eq. (30), we
need the mass variance σ(M,z) and multiplicity function f(ν).
The standard function f(ν) =
√
2/pie−ν/2 provides a good repre-
sentation of the observed distribution of virialised structures. How-
ever, the standard mass function deviates from simulations for low-
and high-mass objects. Here, we use another popular fitting for-
mula proposed by Sheth & Tormen (Sheth & Tormen 1999, 2002),
the so-called ST mass function:
νfST(ν) = A1
√
bν
2pi
(
1 +
1
(bν)p
)
exp
(
− bν
2
)
, (34)
where the numerical parameters are: A1 = 0.3222, b = 0.707
and p = 0.3. For comparison, we also use the following improved
mass functions which are, respectively, presented in del Popolo
(2006a,b) (P06 mass function) and Yahagi et al. (2004) (YNY mass
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function), respectively:
νf(ν) = A2
[
1 +
0.1218
(bν)0.585
+
0.0079
(bν)0.4
]√ bν
2pi
×
exp
(
−0.4019bν
[
1 +
0.5526
(bν)0.585
+
0.02
(bν)0.4
]2)
, (35)
νf(ν) = A3
[
1 + (B
√
ν/2)C
]
ν(D/2) ×
exp {−(B
√
ν/2)2} , (36)
where A2 = 1.75, B = 0.893, C = 1.39, and D = 0.408, and
A3 = 0.298.
To determine the mass variance σ via Eq. (32), we should first
calculate σ8. The present value of σ8 for HDE cosmologies is ob-
tained with
σ8,HDE =
δc,HDE(z = 0)
δc,Λ(z = 0)
σ8,Λ , (37)
where σ8,Λ = 0.8 is the present value of σ8 for the ΛCDM
model. The value of σ8,HDE at redshift z is therefore obtained
as σ8,HDE(z) = g(z)σ8,HDE(z = 0). Hence, the mass variance
σ(M, z) which is required to compute the number density of halos
can be easily obtained from Eq. (32). In the next section we present
the numerical results of the mass function formalism and number
density clusters in HDE cosmologies. We chose this normalization
for the DE models studied here so to have approximately the same
number of objects at z = 0. In this way differences will appear
mainly at high redshifts.
5 NUMERICAL RESULTS AND COMPARISON WITH
OBSERVATION
In this section, we present the numerical results of the spherical col-
lapse model in HDE cosmologies and compare the results with ob-
servations. In Fig. (5) the evolution of the linear overdensity thresh-
old parameter δc is shown as a function of redshift for different
models. In the EdS model, δc is constant and redshift-independent
as expected. In the ΛCDM model the linear overdensity parame-
ter is smaller than the corresponding value for the EdS model at
low redshifts and it approaches the standard value of δc = 1.686 at
higher redshifts. These two limits are easily explained. At high red-
shift the Universe is matter dominated and therefore well described
by an EdS model. At low redshift, the cosmological constant dom-
inates, therefore structures must form earlier with a lower critical
density. In the case of the HDE model (phantom regime) with con-
strained holographic parameter c = 0.815, δc evolves more slowly
than the ΛCDM model. In the quintessence regime (c > 1) we
see that the values of δc are smaller than the others. These behav-
ior of δc is explained by taking into account the evolution of the
Hubble parameter in Fig. (1). The Hubble parameter is largest in
the quintessence regime of HDE models, it takes intermediate val-
ues in the phantom regime in HDE and smallest for ΛCDM model.
Therefore the linear threshold overdensity δc for the HDE models
will always have smaller values than in the ΛCDM universe. Also
note that the HDE cosmologies approach the EdS model at high
redshifts, even if at a smaller rate than the ΛCDM model.
Now by solving Eq. (26) we calculate the evolution of the
dimensionless parameter λ = Rc/Rta as a function of collapse
redshift zc. In Fig. (6), we show λ versus zc for the HDE and
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Figure 5. The variation of the linear threshold density contrast as a function
of the collapse redshift for the different cosmological background models
analyzed in this work. Line styles and colors are as in Fig. 2.
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Figure 6. Dependency of the dimensionless parameter λ = Rc/Rta as a
function of the collapse redshift zc for different cosmological models. Line
styles and colours are as in Fig. 2.
ΛCDM models. We see that at redshifts large enough the param-
eter λ approaches the critical value λ = 1/2 indicating once again
that at large redshifts matter dominates also in these models and
the EdS model is a good approximation. This result is consistent
with what found for the linear overdensity parameter δc. Also note
that, as for δc, the rate of convergence to an EdS model is lower
for HDE cosmologies than for a ΛCDM model. We can also con-
clude that the size of structures in HDE models (for both phantom
and quintessence regimes) are smaller than that predicted by the
ΛCDM model (λHDE 6 λΛCDM).
In Fig. (7) the evolution of the parameter ξ (top) and of the
virial overdensity ∆vir (down) with respect to the collapse redshift
zc is shown for different models. At early times, ξ converges to the
fiducial value ξ ≈ 5.6 which describes the early matter dominated
Universe. Compared to a ΛCDM model, the value of ξ is larger
for both quintessence and phantom regimes of the HDE model.
This means that the overdense spherical regions at turn-around are
denser in HDE model than in ΛCDM and EdS models. It is also
interesting to notice that the overdensity at turn-around ξ increases
monotonically as a function of the free parameter c. This is eas-
ily understood taking into account that with the increase of c, the
model switches from the phantom to the quintessence regime.
We finally discuss the evolution of the virial overdensity pa-
rameter ∆vir. This quantity is important for the definition of the
halo size. Supposing that halos can be described approximately
with a spherical geometry, its mass Mvir and radius Rvir are linked
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Figure 7. The variation of ξ (top) and virial overdensity ∆vir (down) with
collapse redshift zc for various models considered in this work. Line styles
and colours are as in Fig. 2.
by the following relation
Mvir =
4pi
3
ρc∆virR
3
vir , (38)
where ρc is the critical density of the Universe. In simulations stud-
ies, the critical density is often replaced by the mean background
density ρ¯ = ρcΩm.
In analogy with what found for the overdensity at turn-around
ξ, we see that the virial overdensity parameter is higher in HDE
cosmologies than for the ΛCDM model. Also coherently with pre-
vious results, this quantity increases monotonically increasing the
parameter c. As expected, differences are bigger at small redshifts
and gradually decrease at high redshift, where for sufficiently early
times all the models will recover the EdS solution, ∆vir ≈ 178.
Phantom regime gives results closer to what predicted for the
ΛCDM cosmology. In this case (c = 0.815) differences are of
the order of 7% and gradually increase up to more than 20% for
c = 1.3. Intermediate values are found for c = 1.
We now compare ∆vir calculated in HDE cosmologies with
the observational value of the virial overdensity of clusters at the
present time ∆obsvir (zc = 0). To do this, we follow the work of
Basilakos et al. (2010) in which the present observational value for
∆obsvir (zc = 0) with 1 − σ (2 − σ) error has been calculated as
348±73(±146) based on a sub sample of the 2MASS high density
contrast group catalogue (Crook et al. 2007). In Fig. (8) we plot
the present time virial density ∆vir in HDE models as a function
of holographic parameter c. The horizontal solid and dashed lines
correspond to the 1− and 2−σ errors which limit the virial density
to 202 6 ∆vir 6 494. This observational value for the present time
sets limits on the value of the holographic parameter to 0.8 6 c 6
4.5.
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Figure 8. The present time virial overdensity for HDE model as a function
of holographic parameter c. The horizontal solid and dashed lines corre-
spond to the 1− and 2 − σ observational overdensity limits respectively,
based on a subsample of the 2MASS High Density Contrast group cata-
logue.
In Fig. (9), we show the effect of the non-vanishing surface
pressure at the outer layers of clusters, which appears due to non
zero density at the boundary of clusters, on the spherical collapse
parameters λ (top) and ∆vir (down). The blue dashed (solid brown)
curves stand for HDE model with c = 1 without (with) the effect
of surface pressure term. When including the surface pressure term
we assume ν = 0.005. We see that non vanishing surface pres-
sure makes the structures to virialize at a smaller radius with re-
spect to standard HDE models. Hence, the virial overdensity ∆vir
is higher by assuming surface pressure. Choosing the surface pres-
sure parameter ν = 0.005, differences between vanishing and non-
vanishing surface pressure HDE model (c = 1) for parameter λ
and ∆vir at the present time redshift collapse (zc = 0) are of the
order of 1% and 1.5%, respectively. Hence more denser and com-
pact clusters can be formed when including the effect of surface
pressure.
Using Eq. (37), we obtain σ8,HDE(z = 0) = 0.76 for c = 1.3,
σ8,HDE(z = 0) = 0.77 for c = 1.0 and σ8,HDE(z = 0) =
0.78 for c = 0.815. Hence, this quantity increases by decreasing
the parameter c. For c = 1.3, differences from the ΛCDM value
σ8,ΛCDM = 0.8 are of the order of 5% and for c = 1 and c =
0.815 are 4% and 2.5%, respectively.
Fig. (10) shows the evolution of the mass function νf(ν) in
the upper left panel and the number density n(k), where k =
log(M/M8), in the upper right panel, as a function of k for HDE
cosmologies as well as ΛCDM model at the present time by us-
ing the ST mass function in Eq. (34) proposed by Sheth & Tormen
Sheth & Tormen (1999, 2002). The lower panels show the same
quantities, but at z = 1. Due to the normalization used, the mass
function and number density (number of objects above a given
mass) are the same for all models at the present time z = 0 and
differences appear at high redshifts z = 1. We also see that the dif-
ference of the number densities of halo objects is in the high-mass
tail and negligible for small objects (see lower panel). We see in
particular that decreasing the free parameter c, the number of ob-
jects per unit mass and volume decreases. For values of c > 1, the
mass function for the HDE model is very similar to the ΛCDM one,
differing by it by only 1%. Since for c < 1 we enter in the phan-
tom regime, we expect this model to differ mostly from the ΛCDM
one. This is indeed the case as we can see in the lower panels. In
this case differences are of the order of 10%. Intermediate values
take place for c = 1 with differences of the order of 6%.
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Figure 9. The variation of the dimensionless parameter λ = Rc/Rta (top)
and virial overdensity ∆vir (down) as a function of collapse redshift zc
for HDE model (c = 1) with non vanishing surface pressure (solid brown
curve) and zero surface pressure (blue dashed curve).
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Figure 11. Comparing various mass functions considered in this work
for HDE model with c = 1. The blue dotted-dashed curve indicates the
ST mass function given by Eq. (34). The black dotted-dashed and dashed
curves represent the improved mass functions P06 and YNY of Eqs. (35 &
36), respectively.
Finally, we compare the results of ST mass function with the
improved versions P06 and YNY given in Eqs. (35 and 36), re-
spectively, for HDE cosmologies (c = 1). We present our results
in Fig. (11). We see that the ST mass function (blue dotted-dashed
curve) is smaller than P06 (balck dotted-dashed) and YNY (black
dashed one), for all mass scales. We also see that P06 and YNY
are the same for small mass scales and differ at high-mass tail. Dif-
ferences between the ST and the other mass functions are of the
order of 20%, roughly constant throughout the whole mass range
investigated.
6 CONCLUSIONS
In this work, we generalized the spherical collapse model in HDE
cosmologies with time varying EoS parameter wde. The advantage
of HDE models is that they are constructed on the basis of the
holographic principle in quantum gravity scenario (’t Hooft 1993;
Susskind 1995). We assumed two different phases of HDE model
i.e., quintessence regime (c > 1) and phantom regime (c < 1).
In the case of phantom regime, we adopted the constrained value
for the model parameter c = 0.815 obtained in Enqvist & Sloth
(2004); Gong (2004); Huang & Gong (2004b); Huang & Li (2004);
Li et al. (2009). We first investigated the growth of structures in
linear regime and showed that the growth of density perturbations
g(a) is slowed down in HDE models compared to the EdS and
ΛCDM models due to a larger Hubble parameter. In particular, we
showed that the growth factor in quintessence and phantom regimes
falls behind the ΛCDM model (see Fig. (2)). Therefore to observe
the same fluctuations at the present time, the perturbations should
start growing earlier in HDE model than in a ΛCDM model. We
then studied the non-linear phase of spherical collapse in HDE
model. We obtained fitting formulas governing the correlation be-
tween turn-around redshift zta and virial redshift zc in HDE cos-
mologies. At large enough redshifts the effect of DE in HDE mod-
els on turn-around is negligible and zta approaches the value of the
EdS Universe. Using the generalized virial condition obtained in
time-varying HDE models, we obtained the characteristic parame-
ter of spherical collapse model δc, ξ (the overdensity at turn-around
redshift) and ∆vir. We showed that the overdense spherical region
at the moment of turn-around are denser in HDE models than in
ΛCDM and EdS models. It has been shown that in HDE models
(both phantom and quintessence regimes), the virial overdensity
∆vir is larger than in the ΛCDM model. Hence in a HDE Universe
more concentrated structures can be formed compared to a ΛCDM
model. Due to non-zero density at the outer layers of clusters during
the virialization process, we studied the effect of a non-vanishing
surface pressure on the parameters of the spherical collapse in HDE
cosmologies and showed that in this case smaller virial radii and
larger virial overdensities ∆vir can be achieved with respect to the
case in which the surface pressure terms are neglected. We also pre-
dicted that for larger values of the holographic parameter c the virial
overdensity ∆vir is larger. We could put a limit on the holographic
parameter c, based on the observational value of present time virial
overdensity ∆obsvir (zc = 0) = 348± 73(±146) with 1− σ (2− σ)
error-bars calculated in Basilakos et al. (2010). We showed that
the present time virial overdensity in HDE cosmology has a good
agreement with observational value at 2 − σ level for the holo-
graphic parameter c in the range of 0.8 6 c 6 4.5. Finally, using
the fitting formula proposed by Sheth & Tormen (Sheth & Tormen
1999, 2002) for the mass function, we obtained the mass function
and number densities of clusters in HDE cosmologies. The number
densities of small halo objects are the same for all models. How-
ever, we showed that the HDE models deviate from concordance
ΛCDM model at high mass halo objects. We showed that the ST
mass functions in HDE cosmologies is smaller than the improved
mass functions presented in del Popolo (2006a,b) and Yahagi et al.
(2004) for all mass scales investigated.
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